Abstract: Cosmic superstrings are produced towards the end of the D3-D3-brane inflation as realized in the KKLMMT-like scenario in superstring theory. These cosmic strings are localized at the bottom of a throat, which is described by a warped deformed conifold with fluxes. We study the Kaluza-Klein spectrum of their tensions in the warped geometry of the throat in a Calabi-Yau manifold in F or Type IIB theory. The quantum numbers of these cosmic superstrings generalize from (p, q) (for fundamental F-and D-strings) in an uncompactified Type IIB theory to that labeled by (p, n, j, l ′ , m ′ , l, m), where n labels the radial mode, (j, l ′ , m ′ ) are the S 3 harmonic quantum numbers and (l, m) are the usual S 2 harmonic quantum numbers. We calculate the tension spectrum for the simplest warped deformed conifold, namely, that with T 1,1 base manifold. We discuss the binding properties of these superstrings and argue that the corresponding cosmic superstring network should rapidly evolve to a scaling solution, just like the simpler cosmic string networks.
Introduction
It is generally believed that inflation explains the origin of our universe [1] . A concrete realization of the inflationary scenario in superstring theory is the D3-D3-brane inflationary scenario [2, 3] where the 6 compactified dimensions are dynamically stabilized [4] . In this scenario, inflation ends when the D3-brane and the D3-brane collide and annihilate, initiating the hot big bang epoch. Cosmic strings (but not domain walls or monopoles) are copiously produced [5, 6] . Properties of these cosmic strings, or cosmic superstrings, are compatible with all observations today, but are likely to be tested in the near future [7, 8] . It was pointed out that, in contrast to normal abelian Higgs model, the cosmic superstring tension has a rich spectrum [9, 10, 11] . Furthermore, the different tension strings have non-trivial interactions among them, and Y -shaped junctions exist [11, 12] . Recent analyses strongly suggest that such cosmic superstrings also evolve dynamically to a scaling solution (with a stable relative distribution of strings with different quantum numbers) [13, 14] , very much like usual cosmic strings coming from the abelian Higgs model [15, 16] . So detecting and measuring the properties of the cosmic superstrings provide a window to the superstring theory and to our pre-inflationary universe. In fact, the cosmic superstring tension spectrum in a realistic model is richer than previously proposed. In this paper, we shall analyze this tension spectrum in some detail. We shall consider a scenario where the cosmic strings are stable enough to allow a scaling solution and not worry about how generic this particular scenario is [11, 17] .
In the KKLMMT scenario [4] , brane inflation is realized by introducing an extra D3-D3-brane pair in a KKLT-like vacuum [18] , where all moduli of the Calabi-Yau (CY) 3-fold are dynamically stabilized. Presumably, our today's universe is described by such a KKLTlike vacuum. The D3-brane is sitting at the bottom of a Klebanov-Strassler throat [19] , as the mobile D3-brane is moving towards it. This describes the inflationary epoch, where the vacuum energy driving inflation comes from the extra D3-D3-brane tension. The cosmic superstrings are produced in their annihilation just after inflation ends. These are either closed strings or strings that stretch to the horizons. The tension is dictated by the details of the brane inflationary scenario [8] . It has a Kaluza-Klein (KK) spectrum according to the properties of the bulk of the compactified manifold and the throat, which is a warped deformed conifold. It may be viewed as a 6-dimensional extension of the Randall-Sundrum warped geometry. In addition to the KK modes, one may also consider the winding modes [20, 21] . Since these modes typically have higher tension, we shall ignore them in this paper.
The cosmic superstring tensions may be classified by their quantum numbers. In the absence of compactification, cosmic superstrings in Type IIB theory have (p, q) quantum numbers, where (1, 0) corresponds to that of the fundamental strings while (0, 1) corresponds to that of the D-1 branes, or D-strings [11] . In a realistic string vacuum, extra KK momentum yields additional quantum numbers, so the cosmic superstrings typically have 7 quantum numbers. Here we study these quantum numbers and their corresponding tensions. In summary, the cosmic superstrings are localized at the bottom of a throat. The geometry is actually that of a deformed conifold with a Sasaki-Einstein base manifold relevant for N = 1 supersymmetry. A class of such base manifold, namely Y P,Q (with S 1 fibered over S 2 × S 2 ), has been studied [22, 23] . To evaluate explicitly the string tension spectrum, we consider the simplest case of T 1,1 and its warped deformation, which is well studied [24, 25, 26, 27, 28, 19, 29] . Around the bottom of the throat, the geometry is close to that of a particle moving in a potential with a radial dependence and has a S 2 × S 3 topology, with a shrinking S 2 . Their tensions are like eigenvalues of a Schrödinger-like equation, depending on the integer quantum numbers (p, n, j, l ′ , m ′ , l, m), where the p quantum number is that in the (p, q) strings, n is the radial excitation, (j, l ′ , m ′ ) are the quantum numbers of the S 3 harmonics while (l, m) are the eigenvalues of the usual S 2 harmonics. We show that the approximation we adopt is quite reasonable, due to the localization of the wave functions at the bottom of the throat. In the tension spectrum, the tension τ n is a function of n = (p, n, j − 1, l).
In IIB theory, we have roughly 5 input parameters, namely, the string scale l s = √ α ′ , the string coupling g s , the compactification volume V 6 , the NS-NS flux K and the RR flux M . (In a realistic scenario, g s and V 6 in a specific model are determined by the dynamics that stabilizes all moduli. However, in actual comparison with data, we scan through the models to pick the ones with appropriate values for g s and V 6 . In this sense, it is reasonable to treat g s and V 6 as input parameters.) The 3 parameters l s , g s and V 6 can be fixed by the 3 physical observables M P (where M −2 P = 8πG), the gauge couplling g 2 Y M /4π ≃ g s e Φ ≃ 0.1 (Φ being the dilaton) and the magnitude of the density perturbation measured in the cosmic microwave background radiation, δ H ≃ 1.9 × 10 −5 [30] . Besides the warp factor and the amount of deformation in the inflaton potential, which are functions of the 5 input parameters, there is the conformal coupling [4] . Knowing them then allows one to fix the parameters that enter into the determination of the cosmic superstring tension. In reality, there is a range of allowed values for the ground state tension [8] . This provides the scale for the cosmic superstring tension spectrum, that is, the whole tension spectrum scales with an overall normalization factor. Given the metric, it is quite straightforward to numerically solve the Schrödinger-like equation to obtain the tension spectrum. We find
where R measures the size of V 6 (V 6 = (2π) 6 R 6 ), M is the number of RR flux wrapping the S 3 , h(0) is the warp factor at the tip of the deformed conifold and I(0) ≃ 0.718 coming from the conifold deformation. The discrete dimensionless E n is given by solving a Schrödinger-like equation. Given the metric, it is straightforward to find E n numerically. However, we find it useful to apply the WKB approach to obtain an approximate spectrum. In an improved WKB approximation (IWKB), which is accurate to around a few percent, E n for n = (p, n, j − 1, l) is given by
where a = 0.94 and k = 0.65.
where the numerical values are chosen to get a good fit to the actual spectrum, and, with N labeling the oscillation excitation,
where the numerical value follows from the parameters used in the KKLMMT scenario.
Here the D3-brane tension is given by T −1
s . Consistency allows only values of n ≥ 0 such that aE 2 n ≥ Q 2 . For p = j − 1 = l = 0, we have E n=(0,n,0,0) ≃ 1.05 n + 1.73
which resembles the simple harmonic oscillator. In general, for E ≫ Q, we have
For slow-roll brane inflation [8] , the lowest tension cosmic string takes value in the range
The cosmic string wavefunction becomes more localized as the tension (i.e., Q) increases. This interesting feature is due to the warped geometry. Furthermore, the tension values depend on the value of the string coupling g s , the amount of warping (or the NS-NS and RR fluxes), etc.. This is good news, since the usual cosmic microwave background radiation observables are not sensitive to these fundamental quantities of the compactification. Measuring the cosmic superstring tension spectrum will go a long way in probing the properties of the specific compactification that is our universe.
We see the tension spectrum of the cosmic strings in superstring theory is in general very rich. Given the tension spectrum, one may treat some of strings as bound states of others. Due to the binding energies, we expect this highly non-trivial cosmic string network to approach scaling rapidly, just like the simpler versions of cosmic strings. That is, the energy density of each type of cosmic strings approaches a fixed fraction of the total density in the universe. We expect the fraction of critical density in cosmic strings to be of order 100Gτ (0) . Together with their interactions, one expects a highly non-trivial collection of cosmic superstrings that may still be present in our universe today. In addition, we expect Y -shaped junctions to be present, providing a valuable distinguishing feature of cosmic superstrings. Here we are considering the cosmic strings in a throat without other D3-branes. If some D3-branes are also sitting at the bottom of this throat, we believe that the p quantum charge is broken while the other quantum numbers remain conserved [17] . The stability of the (0, n, j, l ′ , m ′ , l, m) cosmic strings and their quantum numbers remains an issue that needs further analysis [11, 31] .
In Sec. 2, we motivate the presence of the extra quantum numbers of the cosmic superstrings by considering the compactification of a 6 dimensional torus in Type IIB theory. The Kaluza-Klein quantum numbers generalizes the (p, q) case in the uncompactified Type IIB theory to (p, q) = (p, q 1 , q 2 , q 3 , q 4 , q 5 , q 6 ). In Sec. 3, we set up the Kaluza-Klein equation for the cosmic superstring tension in a general warped geometry. Note that, with the inclusion of of the R-R coupling, this formalism is also suitable for the D3-brane tension spectrum in the throat. In Sec. 4, we briefly review the KKLT scenario and the geometry of the throat. The simplest non-compact CY 3-fold we are interested in is that with the base manifold T 1,1 . In Sec. 5, we consider this conifold before deformation. In Sec. 6, we obtain the cosmic superstring tension spectrum in the warped deformed conifold. In Sec. 7, we obtain the same tension spectrum via a WKB approximation. We compare the tension spectrum obtained by various approximations. We see that the improved WKB (IWKB) approximation is quite good for most purposes. In Sec. 8, we derive the overall scale of the cosmic superstring tension. In Sec. 9, we discuss the bound state issue and the effect of the bulk on the spectrum. We argue that the property of the binding energies suggests that the cosmic superstring network, after its initial production, should approach scaling rapidly. Sec. 10 contains some brief remarks. Appendix A gives a brief summary of Y P,Q properties and Appendix B gives a brief summary of S 3 harmonics.
Motivation: Toroidal Case
To motivate the key point of this paper, that the cosmic superstrings have a very rich tension spectrum, we first recall (p, q) strings in the 10-D Type IIB theory. Recall the well known example of a M2 brane in M theory, with one of its direction lying along x 3 , say, while the other direction wrapping p times the compactified direction x 10 , with radius R 10 , and q times the other compactified direction x 9 , with radius R 9 . Under T-duality of the x 9 direction, x 9 has radius R ′ 9 = l 2 s /R 9 , where l 2 s = α ′ , and these M2-branes become strings in IIB theory with tension
where g s is the IIB string coupling,
These are the F-and D-strings in IIB theory, where (p, q) = (1, 0) corresponds to the fundamental F-strings while the (p, q) = (0, 1) corresponds to the D1-branes, or D-strings. In 10-D Minkowski spacetime, R ′ 9 → ∞ (i.e., R 9 → 0) and R 10 → 0 in a way so that g s stays finite. The F-and D-strings are related by S-duality in IIB theory. However, one may always choose to keep R ′ 9 (and so R 10 ) finite. In this case, for fixed R 10 , we may rewrite the tension as
In this formula, we see that p is the quantum number for F-strings and q is the Kaluza-Klein momentum mode along the compactified x 9 direction in IIB theory. It is now easy to generalize the above result to a slightly more realistic scenario, where x 4 to x 9 are all toroidally compactified in IIB theory, resulting in an effective 4D theory. Label y i = x i+3 (i = 1, 2, ..., 6), where y i is compactified with radius R ′ i (i = 1, 2, ..., 6). Now, generalizing Eq.(2.3), we have the following tension spectrum in IIB theory,
that is, the tension spectrum is characterized by 7 quantum numbers :
Here, q is the KK momentum vector, where the original q becomes q 6 here. We can reformulate this problem by introducing a wavefunction Ψ for the cosmic strings in the compactified dimensions so that
whereμ = pR 10 /l 2 s and τ p,q =Ê/2πR 10 . Here we may take the cosmic string to lie in the x 3 direction and at rest in the x 1 and x 2 directions. The components of P, namely P i (i = 1, 2, ..., 6), are the KK momenta in the 6 compactified directions in Type IIB theory. In more realistic situations, non-trivial metric will come into play. We shall now apply this approach to find the spectrum of cosmic string tension in the realistic KKLT scenario, a point in the cosmic landscape after inflation. Presumably a KKLT-like vacuum describes our universe today.
In IIB theory, we have 3 input parameters, namely, g s , l s and the compactification volume V 6 . These 3 parameters can be fixed by the 3 physical observables, namely the Planck mass M P , the gauge couplling g 2 Y M /4π ≃ g s e Φ ≃ 0.1 (Φ being the dilaton) and the magnitude of the density perturbation measured in cosmic microwave background radiation, δ H ≃ 1.9 × 10 −5 [30] . Note that g s and V 6 in a specific model are determined by the dynamics that stabilizes all moduli. However, in comparison with data, we actually scan through the models to pick the ones with appropriate values for g s and V 6 as well as other desirable properties.
Recall that
where we have introduced the average compactification radius R. So, in the toroidal case, we have
s /R. So we again have the same 3 input parameters, namely, g s , l s and V 6 .
We can easily include the oscillation modes into the above tension formula (2.4),
where the integer N is the oscillation excitation mode. Since a KK excitation energy is lower than an oscillation excitation (with ratio l s /2R) and since the KK excitations are very sensitive to the geometry, we shall focus mostly on the KK excitations.
Setup
We would like to find the discrete KK momentum spectrum of the cosmic string in six compactified dimensions. The KK momentum analysis can be done as usual by solving a wave equation. The cosmic string is extended in one of x µ direction, i.e., x 3 , while it is point-like in the remaining 8 spatial dimensions. Although our focus is on cosmic strings, we note that parts of the analysis below is also applicable to the tension spectrum for a D3-brane, which is extended in x 1 , x 2 and x 3 directions. The wave equation for a cosmic superstring can be obtained from the following action for a point particle in nine dimensions (all except x 3 ),
Here, y i (i = 1, ..., 6) are the coordinates of the compactified CY manifold. The index M runs over these nine dimensional subspace and g 9 is the absolute value of the determinant of the metric. Similar to the simple torodial compactification case, the mass is coming from the eleventh dimension winding modê
The equation of motion is
We are interested in calculating the cosmic string tension in a warped geometry with the metric
where r is the radial AdS coordinate of ds 2 6 . This gives
where g 6 is the determinant of the ds 2 6 part of Eq.(3.4). Defining
Eq.(3.3) reduces to our desired wave equation
with
Since the cosmic string extends in the x 3 direction, where the physical mass scale is redshifetd by a warp factor of h −1/4 in the metric given by Eq.(3.4). So the physical cosmic string tension measured by a 4-D observer is
Let us cast Eq.(3.7) into a standard Schrödinger equation form that will be used to determine the energy spectrum. Upon expanding the Laplace operator in Eq.(3.7) we will get Ψ ′′ and Ψ ′ , where the derivative is with respect to the coordinate r. To transform Eq.(3.7) into the form of an ordinary Schrödinger equation, we perform a field redefinition like what usually is done in the hydrogen atom. Let us decompose the six internal coordinate y i , i = 1, ..., 6 into the "radial" coordinate r and five azimuthal coordinate θ m , m = 1, ..., 5. Later on we will be more specific about the θ m coordinates and the symmetries of the azimuthal directions of a throat in a CY manifold.
The final wave equation in the radial coordinate r will be for function B(r), while A(r) is inserted to get rid of the first derivative Ψ ′ term in the wave equation, as explained above. We shall consider a metric that can take the following factorized form
where h mn represents the intrinsic metric component of the azimuthal directions with only θ dependence. Inserting Eq.(3.5,3.10,3.11) into Eq.(3.7), we find
where
and
The remaining part of the wavefunction is
The operator O mn is defined by
where (h 5 ) g 5 is the (intrinsic) determinant of the azimuthal directions of the Calabi-Yau manifold. The operator O mn is closely related to the Laplace operator for the azimuthal directions. Later on, we shall give O mn more explicitly. Eq.(3.12) is the analog of the usual Schrödinger equation with the "energy eigenvalue" E = 0, while the tensionÊ is a parameter in the effective potential V ef f (n,Ê, r). The Schrödinger equation will have E = 0 only for a discrete set of values ofÊ. This results in the quantization of the tensionÊ. Our aim is to solve Eq.(3.12) for a specific geometry of a deformed conifold to find the tension spectrum of cosmic superstrings, i.e., the discrete values ofÊ.
A Throat in the Calabi-Yau Manifold
A KKLT vacuum involves a Calabi-Yau (CY) manifold with fluxes [32] . Consider F-theory compactified on an elliptic CY 4-fold X. The F-theory 4-fold is a useful way of encoding the data of a solution of type IIB string theory; the base manifold M of the fibration encodes the IIB geometry, while the variation of the complex structure of the elliptic fiber describes the profile of the IIB axion-dilaton. In such a model, one has a tadpole condition on the Euler number χ of X χ(X)
Here T 3 is the tension of a D3 brane, N D3 is the net number of (D3 -D3) branes filling the noncompact dimensions, and H 3 , F 3 are the 3-form fluxes in the IIB theory which arise in the NS and RR sector, respectively. In the absence of flux, it is always possible to deform such an F-theory model to a locus in moduli space where it can be thought of as an orientifold of a IIB CY compactification. So one may use the language of IIB orientifolds, with M being the CY 3-fold which is orientifolded. In this language, the LHS of Eq.(4.1) counts the negative D3-brane charge coming from the O3 planes and the induced D3 charge on D7 branes, while the terms on the RHS count the net D3 charge from transverse branes and fluxes in the CY manifold. The Kähler moduli are stabilized by non-perturbative dynamics.
As shown in Figure 1 , there is a Klebanov-Strassler throat in the manifold [19] . The throat is a warped deformed conifolds, which is a non-compact CY 3-fold. This throat is glued to the compact CY manifold. A number of such throats can be present in a typical compact CY manifold, although our discussion will focus on a specific throat. Such a CY manifold yields a KKLT-like vacuum with a tiny positive cosmological constant to explain the observed dark energy. It is expected to be metastable, with a lifetime much longer than the age of the universe.
During inflation, there is an additional D3 -D3-brane pair (without changing N D3 or any other term in Eq.(4.1) ). The D3-brane is attracted to a throat, so it is expected to sit at the bottom of such a throat. On the other hand, the D3-brane is mobile. As the D3-brane moves towards the D3-brane (due to the attractive force between them), inflation takes place (due to the extra tensions of this additional D3 -D3-brane pair). At the end of inflation, the D3-brane collides and annihilates with the D3-brane. As D3-D3 annihilation takes place, the universe is reheated and cosmic superstrings are produced [5, 6] . These cosmic superstrings are expected to be trapped in the warped throat.
A warped throat typically has a non-trivial geometry. The 6-dimensional metric around the throat may be written as
where the non-trivial 5-dimensional metric ds 2 5 may take a variety of geometries. The best known example is S 5 , which has N = 4 supersymmetry. However, we are interested in N = 1 supersymmetry, that is, base manifolds that yield CY 3-folds. A class of them, namely Y P,Q , have been constructed [22] and studied [23] . For N = 1 supersymmetric theories, we may try to use any of these Y P,Q geometries to analyze the cosmic superstring tension spectrum. However, supersymmetry is generically broken by deformation [33] , and the metric of such a deformed geometry is not explicitly known. For a summary of its properties relevant here, see Appendix A. To be specific, we shall focus on the simplest base manifold that has N = 1 supersymmetry, namely, T 1,1 [24, 26] . In fact, T 1,1 is the first known Sasaki-Einstein metric for N = 1 supersymmetry, which is preserved by its deformation. This conifold and its deformation are well-studied [25, 27, 28, 29] . Here Eq.(5.1) describes a smooth surface apart from the point w i = 0. The geometry around the conifold is studied in Ref. [25] . If w i solves Eq.(5.1), so is uw i for any complex u. The base of the cone is a manifold T given by the intersection of the the space of solutions of Eq.(5.1) with a sphere of radius r in C 4 = R 8 ,
The Conifold
Treating the 4 w i as a 4-vector w = x + iy on C 4 with 2 real vectors x and y, then the above 2 equations yield
The first of these equations defines an S 3 with radius r/ √ 2, while the other 2 equations define an S 2 fiber over the S 3 . Since all such bundles over S 3 are trivial, T has the topology of S 2 × S 3 .
We are interested in Ricci-flat metrics on the cone. Consider the ds 2 5 in the metric (4.2), ds
is a metric on T , the 6-dimensional cone admits a Ricci-flat metric if and only if its base manifold admits an Einstein metric, that is, R ab (h) = 4h ab . Now let us consider a specific set of ds 2 5 metric:
where the integers P, Q are coprime. These are metrics on manifolds T P,Q which are fiber bundles over S 2 ×S 2 with U (1) fibers. Now, it turns out that only T 1,0 and T 
It can be shown that
which has topology of S 2 × S 3 (with S 2 fibered over S 3 ). If ϕ 1 and ϕ 2 are the two Euler angles of the two S 3 s, respectively, then their difference corresponds to U (1) while ψ = ϕ 1 + ϕ 2 . Since 2π ≥ ϕ i ≥ 0, the range of ψ is 4π. The metric is given by AdS 5 × T 1,1 ,
Knowing the volume of T 1,1 being 16π 3 /27, one can express L as
Our aim is to solve the wave Eq.(3.7) in the deformed version of the above geometry. However, we can get a glimpse of its properties by considering this case first. The spectrum and harmonic wave functions for the base T 1,1 were studied in Ref. [34, 35] . They are given by
where H(j, l, s) = 6 j(j + 1) + l(l + 1) − s 2 8 (5.8) and T 1,1 represents the Laplacian on T 1,1 . j and l are the angular momentum of two SU(2) in SU (2) × SU (2)/U (1) while
has the origin from the remnant U(1) symmetry. Decomposing the wave function into
and using metric (5.5), the wave equation Eq.(3.7) is transformed to
where the warp factor is
(5.12)
Cosmic Superstring Tension Spectrum in a Warped Deformed Conifold
The Klebanov-Strassler throat that we are interested in is actually a warped deformed conifold, as illustrated in Figure 2 . This warped deformed conifold emerges in the presence of fluxes. The R-R flux F 3 wraps the S 3 while NS-NS flux H 3 wraps the dual 3-cycle B that generates the warped throat, with warp factor h.
(6.1)
Although both the NS-NS and the R-R field strengths are turned on in the compactified manifold, the cosmic superstrings are not charged under these components of the NS-NS and the R-R fields. Geometrically, the conical singularity of Eq.(5.1) can be removed by replacing the apex by an
where we shall take ǫ to be real and small. The resulting deformed conifold is illustrated in Figure 2 and the corresponding metric is non-trivial. It will be convenient to work in a Here is a schematic picture of the conifold (dashed line) and the deformed conifold (solid line). The apex is at r = 0. The conifold is deformed at the tip such that r = ǫ is now an S 3 , where S 2 has shrinked to zero. The dashed circle at constant r represents the base of the conifold which is a T 1,1 . For large r, the base of the deformed conifold asymptotically approaches T 1,1 .
diagonal basis of the metric, given by the following basis of 1-forms [27, 29] ,
The metric of the deformed conifold is studied in [27, 28, 29 ]
At τ → 0, the S 2 (the g 1 and g 2 components of the metric) shrinks to zero, and we are left with
which is a spherical S 3 . Turning on fluxes, the ten-dimensional metric takes the following "warped" form
where ds 2 6 is given above in Eq.(6.5). The warp factor h(τ ) is given by the following integral expression [19] 
9)
The asymptotic behavior of K(τ ) and h(τ ), which will be important in the following calculations, are
where a 0 ∼ 0.71805. For large τ , its relation to r in ds 2 6 (4.2) is given by
(6.12)
In the limit ǫ → 0, finite r implies τ → ∞, so
which is simply the conifold metric (5.4). Our aim in this section is to solve Eq.(3.12) in the deformed conifold geometry,
where we replaceed the r coordinate by the τ coordinate. First we consider the "S-orbital" solutions, solutions with no angular momentum in the azimuthal directions of the CalabiYau manifold. In term of the O mn operator this corresponds to
With the definition of the following dimensionless parameters Fig. 3a is the case when µ = j − 1 = l = 0. Fig. 3b is the case when all quantum numbers l, j − 1 and µ are turned on. In the case when only quantum number l is not present, the small τ shape of the potential is like that in (a), while the large τ shape is like that (b).
the effective potential is
where G(τ ), up to an irrelevant normalization, is (6.18) and the total wavefunction is given by
The analytical solution of Eq.(6.14) with above effective potential is not known. However, we can get useful information by looking at the shape of the effective potential. First we begin with µ = 0, i.e., zero quantum number for the fundamental string so the cosmic strings are D-strings. The effective potential plotted in Fig. 3a has zero first derivative and positive second derivative at τ = 0. So near the tip the potential is approximately close to the potential of a harmonic oscillator. In our Schrödinger equation the effective energy is zero which means that the "particle" is moving along the τ axis. The tension E appears in V ef f and only for some quantized values of E the wavefunction falls off at large τ . The tensions for the first 5 quantum levels are presented in Table 1 . In this table, the first five energy levels are given when the other quantum numbers are not turned on, i.e., µ = j − 1 = l = 0. The actual tension is proportional to the dimensionless energy E shown in the table. The first column contains the actual energy spectrum when the exact metric of the deformed conifold Eq.(6.8) is used. In the second column the S 2 × S 3 approximation of the deformed conifold, Eq. (6.20), is used. It is clear that the approximation is very good. In the third column, the WKB approximation is used with b = 1/4, k = 2/3 and a = 0.94 in Eq. (7.2). In the fourth column, the improved WKB approximation (IWKB) with the good fit b = 0.34, k = 0.65 and a = 0.94 is used.
In all cases, we see that the approximation improves as n increases, as expected. Table 2 . In this table, a sample of the states in the energy spectrum is given when various quantum numbers are present. Column labeled by E contains the actual dimensionless value of energy, while the column labeled by IWKB contains the estimates from the improved WKB approximations. In general the accuracy of IWKB is around a few percent. As we increase µ, j or l, the wavefunction becomes more localized.
Having obtained the spectrum when there is no quantum number related to angular momentum is turned on, now we would like to add their effects. One of the technical issues is the geometrical interpretation of the azimuthal directions of ds 2 6 in Eq.(6.5). As mentioned before, at τ = 0, g 5 , g 4 and g 3 combine to form a round S 3 , while g 1 and g 2 form a configuration which is topologically a S 2 but shrinks to zero size at τ = 0. For large τ , on the other hand, these five angular coordinates asymptotically matches to a T 1,1 . To simplify the calculation, we will approximate this complicated situation to an easier case when the angular part is S 2 × S 3 . We expect this to be a reasonable approximation. The line element of the metric has the following approximate form
where now dΩ 2 2 and dΩ 2 3 represents the line elements on unit S 2 and S 3 , respectively. We can expand the angular dependent part of wavefunction Φ in Eq.(3.10) in terms of the spherical harmonics of S 2 and S 3 , Y (l m) and Q (j l ′ m ′ ) , respectively. (See Appendix A for a review of the S 3 harmonics.)
The operator O mn , defined in Eq.(3.16), now decompose to products of Laplace operators for S 2 and S 3
The effective potential from Eq.(3.13) is
where now
In the limit that cosh( τ 2 )K(τ ) 3/2 = 1 and j − 1 = l = 0 the above expression for effective potential reduces to that of Eq.(6.17). As a check of the accuracy of our approximation in taking the deformed conifold to be S 2 × S 3 , we present the first few energy levels using the above potential with j − 1 = l = 0 and compare them to the previous results in Table 1 .
WKB approximation
In this section we find an analytical approximate solution of the energy spectrum of the potential Eq.(6.23), using the WKB method
When l = 0, τ 1 = 0 and τ 2 is the point where V ef f (τ 2 ) = 0. The factor 3/4 comes from the fact that the wave function vanishes at the center τ = 0. When l = 0, the equation V ef f = 0 has two roots τ 1 and τ 2 . Here n represents the radial quantization of the tension E spectrum in the warped throat.
The effective potential, as is given in Eq.(6.23), is too complicated to evaluate the above integral. However, by choosing a reasonable form for the components of V ef f , we find an expression which closely captures the numeric data. The behaviors of the different components of the effective potential for the quantum numbers n = 0, l = 1, j = 2 and µ = 5 are plotted in Figure 5 . We see that the terms in the effective potential containing l, j, µ and the term (G 1/2 ) ′′ /G 1/2 remains almost constant between τ 1 and τ 2 , while the term E 2 I(τ ) K(τ ) 2 slowly decreases from its maximum at τ = 0. This suggests the following crude approximations
The constants a, b, k, c, d and f are chosen to obtain the good fit to the data. It turns out that the above approximation works reasonably well. The function (G 1/2 ) ′′ /G 1/2 quickly reaches the asymptotic value 1/4. Although one may choose b = 1/4, we shall instead vary it to get a good fit. Similarly K(τ ) −3 cosh( τ 2 ) −3 quickly reaches the asymptotic value 2. The function I 1/2 (τ )/K(τ ) 2 slightly varies from τ = 0 to τ c , which we approximate it to a constant c. The function K(τ ) −3 sinh( τ 2 ) −3 diverges at τ = 0 while it quickly approches the asymptotica value 2 for large τ . Finally, the function I(τ )/K(τ ) 2 mostly determines the form of the eigenvalue and the position of τ c . At τ = 0, it has the value 0.94 and for large τ it exponentially falls off like e −2/3τ , as can be seen from the asymptotic form of I(τ ) and K(τ ) in Eq.(6.11).
In the above approximations, the integral can be evaluated and we obtain
Consistency allows only values of n ≥ 0 such that aE 2 n ≥ Q 2 . A good fit to the data is given by
Let us first look at the spectrum when only radial quantization are excited, which corresponds to µ = j − 1 = l = 0. In this case the above relation rapidly reaches a linear relation between E and n which can be expressed as E n ≃ 1.05 n + 1.73 . (7.6) which mimics the spectrum of a harmonic oscillator. This is understandable because the effective potential, as is shown in Figure 3a , closely resembles that of a harmonic oscillator. V ef f (τ ) is an even function of τ and its first and third derivatives vanish at τ = 0, while the quartic term has very small coefficient. In general, for E ≫ Q, we have
Looking at Figure 5 , we see that the term containing 2 −2/3 3 −1 E 2 is bigger than the other terms in the potential V ef f . So the condition E ≫ Q is quite easy to satisfy. For the case when only one of quantum numbers, namely, µ, j − 1 or l, is non-zero, the above expression also rapidly reaches a linear regime. This behavior is due to the relative smallness of b = 0.34 inside Q. 
The upper curves remain almost flat while the bottom curve will slowly increase. However, in the case (d), this change happens in a faster rate. This indicates that the approximation used for WKB is less accurate when l = 0. This is also clear from looking at Table 2.
Cosmic Superstring Tension
In this section we will evaluate the ground state tension Gτ (0) for the warped deformed conifold. Using Eq.(3.9), we find
Using Eq.(2.6) and R 10 = g s l 2 s /R, we find
Since the upper bound comes from observational bounds, we need only to estimate the lower bound, that is, in the absence of the conformal coupling (i.e., the inflaton mass).
For the numerical values used in KKLMMT [4] , M = 20, g s = 0.1, T 3 /M 4 P = 10 −3 , h(0) −1/4 ≃ 2.5 × 10 −4 , and for the ground state E = 1.73, we obtain
which is of the same order of magnitude as in Ref. [11, 8] . However, here we see that the tension actually depends on more than just the density perturbation δ H , the case in the simpler analysis of Ref. [4, 8] . That is, measuring the tensions will probe deeper into the structure of the throat.
In the presence of fundamental strings in the spectrum we also need to express µ in terms of the input parameters. Using Eq.(6.16) andμ = pR 10 /l 2 s one obtains
Introducing the oscillatory modes in the spectrum, as in Eq.(2.7), will correspond tô 
For the numerical values used in KKLMMT we obtain
This shows that the first oscillation mode has a tension comparable with that for p ≃ 13. It is likely that such high tension cosmic strings do not play an important role in the cosmic superstring network. Looking at Eq.(8.4) we see that µ is a sensitive function of the model parameters, especially g s . There is a competition between various quantum numbers in the spectrum, as can be seen in Table 2 . In this regard, measuring the cosmic superstring tension spectrum will be a powerful tool to identify the properties of string theory compactification.
Discussions
The tension spectrum has a rather simple qualitative behavior: it is close to linear in all the quantum numbers, namely, n, µ, j − 1 and l. Consider the possible binding of 2 strings, one with (n 1 , µ 1 , j 1 , l 1 ) and the other with (n 2 , µ 2 , j 2 , l 2 ). Depending on the quantum numbers l ′ , m ′ and m of these 2 strings, they may bind to form a string with the tension of that with (n 1 + n 2 , µ 1 + µ 2 , j 1 + j 2 , l 1 + l 2 ), or more likely to a string with tension lower than this. Generically, we expect to have Y -shaped junctions of strings, much like that in the (p, q) case [11] . Recent analyses strongly suggest that the (p, q) string network rapidly approaches a scaling limit, where the energy density is dominated by the strings with the smallest tensions [13, 14] . Since each string can intersect itself and chop off a loop of itself just like a normal vortex, together with this binding interaction, we expect that this (n, µ, j, l ′ , m ′ , l, m) cosmic string network will have a scaling behavior. We also expect the scaling regime to be reached rapidly cosmologically. We also expect the strings with the smallest tensions to dominate. This may still involve dozens if not hundreds of different string types. This will provide a distinct signature that separates the cosmic superstrings from normal vortices.
We note that the higher the value of Q (which leads to higher tension), the more localized is the corresponding wavefunction. This is opposite to the usual case in quantum mechanics. This happens because of the warped geometry. The more energetic states tend to move towards the infrared region (the bottom of the throat) as a way to lower its effective energy. As a result, the cosmic strings do not move freely in the extra dimensions. However, the effect of the extra dimensions is in the rich spectroscopy.
For cosmic strings in a throat, we have presented the quantum charges and the tension spectrum of the cosmic superstrings. However, if there is a D3-brane or a stack of D3-branes present in the same throat, the fundamental strings can dissolve. It is not clear if the D1-strings are stable or not [11, 17] . Their stability may very well depend on the details of the model. That these quantum charges correspond to KK momenta is another indication that they may be stable inside D3-branes. For the case when the D-strings are stable, the spectrum is expected to be that given above, with the p (or equivalently, µ) quantum number not excited, that is µ = 0. This still leaves a very non-trivial n = (0, n, j − 1, l) spectrum, with its corresponding degeneracy.
Remarks
Instead of T 1,1 , one may consider more general conifolds, like Y p,q constructed in Ref. [22] and their deformations. This may be related to supersymmetry breaking. We expect the overall qualitative features to be similar to the deformed T 1,1 considered here. However, the details of the tension spectrum clearly depends on the geometry of the throat. If cosmic strings are found, their tension spectrum will reveal the specific geometry of the throat.
It will be interesting to see the gauge theory dual description of the above tension spectrum. We do expect the cosmic superstring tension spectrum to be obtainabe in the dual gauge theoretic description; however, such a rich spectrum (and their even richer interactions) clearly points to superstring theory. Furthermore, in a pure gauge theory, it is hard to see how they are produced in the early universe. We like to think that a dual description of brane inflation and the presence of cosmic superstrings will actually be the strongest evidence of superstring theory.
A. Y P,Q
Here we give a brief summary of the properties of Y P,Q that may be used to find the cosmic superstring tension spectrum. For our purpose, we need the metric, the allowed values of the parameters that appear in the metric, the range of the coordinates and their deformations. The deformation properties remains to be fully understood. Recall that the throat metric is given by Here a and c are, a priori, arbitrary constants. 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤ ψ ≤ 2π, 0 ≤ α ≤ 2πℓ. These local metrics are Sasaki-Einstein, where the Sasaki structure implies that there is a local Killing spinor. Before we consider the case where c = 0 (which, as we shall study, yields the T 1,1 case), let us first discuss the above metric when c = 0. In this case, we can rescale y and a so that c = 1. Next, let us restrict ourselves to 0 < a < 1. The metric cone (4.2) is Calabi-Yau, where the base B can be chosen to be a smooth manifold of topology S 2 × S 2 . The coordinate y ranges between the two smallest roots y 1 , y 2 of the cubic equation a − 3y 2 + 2y 3 = 0, so y 1 ≤ y ≤ y 2 . For a countably infinite number of values of a in the interval (0, 1), the periods of dA over the 2 two-cycles in B are rationally related, and hence the metric can be made complete by periodically identifying the α coordinate with appropriate period. The ratio of the two periods of dA is then a rational number P/Q, and by choosing the maximal period for α, one ensures that the Chern numbers P and Q for the corresponding U (1) principle bundle are coprime. This ensures that the Killing spinors are globally defined.
One now has a complete manifold with the topology of a S 1 fibered over S 2 × S 2 , with S 2 × S 3 topology. The complete Sasaki-Einstein manifolds obtained in this way are denoted by Y P,Q . Now, we can express a and the 2 smallest roots of a − 3y 2 + 2y 3 in terms of P and Q, When ℓ is a rational number, Y P,Q is said to be quasi-regular. This is true if and only if 4P 2 − 3Q 2 = n 2 for n an integer number. If ℓ is irrational, Y P,Q is said to be irregular.
The simplest base manifold we are interested in is T 1,1 . This can be obtained from the above metric (A.2) by setting c = 0 and rescale a = 3. Introducing the coordinates cos θ 2 = y and φ 2 = 6α (with period 2π), we have ds 2 T 1,1 in Eq.(5.4), where θ 1 and φ 1 here are θ and φ in Eq.(A.2). If the period of ψ is 4π, we have T 1,1 , while for period 2π, we have T 1,1 /Z 2 . In contrast to the T 1,1 , a generic Y P,Q does not allow a supersymmetry-preserving deformation [33] .
B. Spherical Harmonics
One of the technical issues is the geometrical interpretation of the azimuthal directions of ds 2 6 in Eq(6.5). As mentioned before, at τ = 0, g 5 , g 4 and g 3 combine to form a round S 3 , while g 1 and g 2 form a configuration which is topologically a S 2 but shrinks to zero size at τ = 0. For large τ , on the other hand, these five angular coordinates asymptotically matches to a T 1,1 . To simplify the calculation, we approximate this situation to an easier case where the angular part is S 2 × S 3 .
The Q (jlm) are harmonics on S 3 given by [36] Q (jlm) (χ, θ, φ) = F jl (χ)Y (lm) (θ, φ) (B.1)
where F jl (χ) are the Fock harmonics,
Here, Q (jlm) satisfies the following orthogonality condition
Calling the S 2 harmonics Y (l ′ m ′ ) , we see that the wavefunction takes the form
